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Abstract: Fermionic extensions of generic 2d gravity theories obtained from the graded 
Poisson-Sigma model (gPSM) approach show a large degree of ambiguity. In addition, 
obstructions may reduce the allowed range of fields as given by the bosonic theory, or even 
prohibit any extension in certain cases. In our present work we relate the finite W-algebras 
inherent in the gPSM algebra of constraints to algebras which can be interpreted as super- 
gravities in the usual sense (Neuveu-Schwarz or Ramond algebras resp.), deformed by the 
presence of the dilaton field. With very straightforward and natural assumptions on them 
-like demanding rigid supersymmetry in a certain flat limit, or linking the anti-commutator 
of certain fermionic charges to the Hamiltonian constraint- in the "genuine" supergrav- 
ity obtained in this way the ambiguities disappear, as well as the obstructions referred 
to above. Thus all especially interesting bosonic models (spherically reduced gravity, the 
Jackiw-Teitelboim model etc.) under these conditions possess a unique fermionic extension 
and are free from new singularities. The superspace supergravity model of Howe is found 
as a special case of this supergravity action. For this class of models the relation between 
bosonic potential and prepotential does not introduce obstructions as well. 
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1. Introduction 

Diffeomorphism invariant dilaton theories in 1+1 dimensions for some time have been 
a promising field in classical and quantum theory. They include effective theories of 
direct physical interest, like reduced d-dimensional Einstein theories and the extensions 
thereof (Einstein-deSitter, Jordan-Brans-Dicke theories [1-5]), but also theories suggested 
by stringy arguments [6] . On the other hand, super symmetric extensions of gravity [8-11] 
are believed to be a crucial ingredient for a consistent solution of the problem how to quan- 
tize gravity in the framework of string/brane theory [12-14]. 

Much of the recent progress [7, 15-18] to understand bosonic gravity theories in two 
dimensions also at the quantum level is based upon the equivalence [19,20] of a torsion free 
general dilaton theory [21-25] and a Hamiltonian action of the type of a Poisson-Sigma 
model (PSM) [26,27]. A (graded) PSM ((g)PSM) is defined by the action 

S= J dX 1 AAj + -P ij A j AAj 

jm 2 (1.1) 

= Jd 2 x [doX'Au - dtX'Aoi + P IJ A 0J A U ) . 

A recent review with rather extensive literature is represented by ref. [7]. 



- 1 - 



Target space coordinates X 1 (x) and one-form gauge-fields Aj = A m j(x)dx m live 
upon the 2d manifold M. The dynamics is encoded in the Poisson tensor P IJ (X), which 
must have a vanishing (graded) Nijenhuis tensor 2 (obey the Jacobi identity for a (graded) 
Schouten bracket defined as = P IJ ) 

P IL d L P JK + g-perm (UK) = . (1.2) 

Then the action ([O]) is invariant under the symmetry transformations 

5X 1 = P IJ ej , 5 At = -de/ - (djP^) e K Aj , (1.3) 

where the term de/ in the second of these equations provides the justification for calling 
Aj "gauge fields" . 

For a generic (g)PSM the commutator of two transformations ( OI ) is a symmetry 
modulo the equations of motion. Only for P IJ linear in X 1 a closed (and linear) Lie 
algebra is obtained and ([T^) reduces to the Jacobi identity for the structure constants of 
a Lie group. If the Poisson tensor is singular -the actual situation in any application to 
2d (super-)gravity due to the odd dimension of the bosonic part of the tensor- there exist 
(one or more) Casimir functions C(X) obeying 

[X I ,C]=P IJ — r =0, (1.4) 

which, when determined by the field equations of motion, are constants of motion. 

So far the number of target space coordinates (the range of the indices I, J etc.) has 
not been specified. In the following we identify 3 the first component X° of X with the 
dilaton field (j) an d use the symbol <fi also to describe that value of I: X° = X^ = <fi. The 
corresponding gauge field becomes Aq = A^ = uj. In the application to bosonic gravity 4 
A j comprises the Cartan variables spin connection u a b = coe a b and zweibeine e a . The 
corresponding three target space coordinates are X 1 = X i = ((f), X a ). The component 
p<f>a _ x b e b a is determined by local Lorentz invariance. Only this choice leads to the 
correct covariant derivative (De) a = de a — Loe a b eb in the 2d gravity action (cf. eq. ( |A.8| ) ) . 
In the pure bosonic case P 13 = —P 31 is anti-symmetric. Therefore, the only remaining 
components of the Poisson tensor can be written as P ab = ve ab , where the locally Lorentz 
invariant "potential" v = v(cp,Y) describes different models ( Y = X a X a /2 ). Evaluating 
flTlD with that P^ and P ab the action (e = \e ah e b A e a ) 

Sbosonic= / {(pdco + X a De a + ev) (1.5) 
JM 

2 Here and in the following 8k = q^k represents the derivative with respect to the target space variables. 
More details of the conventions are given in the Appendix. 

3 Further explanations of the usage of indices are given in the Appendix. 

4 The condition to identify the PSM 1-forms directly with the geometrical variables can be relaxed, 
leading to more general gravity theories. Given the mathematical difficulties to find explicit solutions 
with vanishing Nijenhuis tensor even for the present situation, we restrict the discussion to this direct 
identification. 
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is obtained. The most interesting models are described by potentials of type 

v = YZ{4>) + V{4>) , (1.6) 
where e.g. spherically reduced gravity from d dimensions is given by [28-31] 

ZSRG = -JT^ > V **<* = -AV d - 4)/(d ~ 2) , (1.7) 

with the CGHS model [6] as the formal limit d —* oo. The Jackiw-Teitelboim model [32-36] 
corresponds to 

Z JT = , Vjt = -A<t> , (1.8) 

and the bosonic part of the simplest non-trivial 2d supergravity model of Howe [37] -after 
the correct identification of the dilaton with one of the components of the superfield [38]- 
becomes 

Z H = 0, V H = Af 2 • (1-9) 

Potentials of type ( |1.6| ) allow the integration of the (single) Casimir function C in ( |1.4| ) 

C = e QW Y + W(<p) Q{4>) = t d^Z{ip) W(<f>) = [* dipe Q{ip) V(ip) , (1.10) 

where e.g., in spherically reduced gravity ( |1.7| ) C on-shell simply is proportional to the 
ADM-mass in the Schwarzschild solution. 

The auxiliary variables X a and the torsion-dependent part of the spin connection can 
be eliminated by algebraic equations of motion. Then the action reduces to the familiar 
generalized dilaton theory in terms of the dilaton field <j) and the metric: 

S G dt = J^xe^RcP-^Zd^d^ + V^j (1.11) 

Both formulations are equivalent at the classical [19, 20] as well as at the quantum level 
[16-18]. But the PSM formulation possesses crucial technical advantages, another of which 
is the topic of our present work. 

A generalization of Sqdt to supergravity exists for a long time [37,39]. However, 
in order to exploit the advantages of the formulation as a "Hamiltonian" one in ( |1.5| ), a 
supergravity extension of that action is desirable. All gravity models with ^-dependent 
potentials in the PSM formulation (Z ^ in (|1.6| )) possess non- vanishing bosonic torsion 
which turned out to be an extremely cumbersome feature in all attempts to formulate 
directly corresponding 2d supergravities in the superfield formalism. The conventional 
constraints for vanishing bosonic torsion are well studied. Now they have to be changed 
in a highly nontrivial manner. As shown in [40] the entire procedure of solving Bianchi 
identities for superfields with a large number of nontrivial components must be started from 
scratch, if the bosonic torsion does not vanish any more. In contrast, the PSM extends 
straightforwardly by the introduction of additional fermionic target space Majorana 
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coordinates x^ a ( "dilatinos" ) and corresponding "gravitinos" ^4 (* = lj —N) in X 1 , resp. 

X 1 = (X\X^ a ) = , Aj = (Ai,AW) = (u;,e a ,v4 n) ) (1.12) 

to a gPSM with a graded Poisson tensor P IJ = -(-1) IJ P JI [38,41]. Thanks to our 



conventions (cf. Appendix) for summation of adjacent indices in eqs. (1.1 )-(1.4) all for- 
mulas remain unchanged. This generalization directly provides an (N, N) "supergravity" 
theory without auxiliary fields and thus without the need to impose constraints, to solve 
Bianchi identities etc. As can be seen from the second eq. in ( |1.3j ) the solution of the 
graded counterpart of that equation contains a supergravity-like transformation law for 
the gravitino- field ijj a , deformed by the dilaton fields. 



When a bosonic potential, as exemplified by (1.6), is given, the solution of the graded 



counterpart of the Jacobi identity (1.2) provides all possible fermionic extensions. It turned 



out that an algebraic general solution 5 of this problem can be given explicitly [38]. However, 
this solution was found to be far from unique. As in ref. [38], in the present work we also 
concentrate on N = (1, 1) supergravity, which must be realized as a subset of such gPSM 
theories with one field x° in a non-degenerate fermionic extension (rank 2). In this case [38] 
the general solution for a certain bosonic potential v depends on no less than five arbitrary 
Lorentz covariant functions. In addition, the new fermionic terms in the algebras and in 
the ensuing Lagrangians produced by this method exhibit new singularities (obstructions) 
in the variables (j> and Y in points where the original bosonic potential was regular. For 
certain bosonic models any fermionic extension is prohibited. The basic reason for the 
latter behaviour is that the potential ( |1.6| ) in the extended case must be derivable from a 
prepotential. 

Attempts to simply require the absence of new singularities in the fermionic part of 
the action as a means to determine "allowed" extensions turned out to be unsuccessful: In 
a counter-example [38] two different supergravities with the same (bosonic) v of spherical 



reduction (( |1.6| ) with (1.7)) were found to be free from such singularities. 

Therefore, the question arises how the additional structure present in standard super- 
gravity theories formulated in superspace can be found within gPSM gravity models and 
whether the unpleasant features of a generic gPSM described above are influenced by the 
ensuing restrictions. 

Obviously the nonlinear gauge symmetry ( |1.3| ) does not lend itself to an appropriate 
starting point for this task, the conditions for supergravity being not inherent in general 
gPSM theories: Any strategy must -in some sense- contain the restriction known in super- 
gravity models from superspace or from a gauge-theoretic approach that, in the limit of flat 
space-time of the bosonic geometry, the fermionic sector must reduce to rigid supersym- 
metry [8-11,42]. In a generic PSM the bosonic potential need not have any flat space-time 
limit and thus a generalization covering also those geometries is necessary. To implement 
a condition, which is as close as possible to this basic principle, we propose to start from 



'For degenerate fermionic extensions also one or two additional fermionic Casimirs appear beside the 



basic one in eq. (1.1C) 
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the closed but nonlinear algebra of Hamiltonian constraints G = (G® , G a , G a ) , obtained 
for bosonic PSM-models in refs. [26,43] and consider their straightforward generalizations 
to gPSMs. However, instead of trying to impose super gravity- type conditions on that non- 
linear algebra, we map it onto a linear Virasoro-like algebra deformed by the presence of 
the dilaton field. This step again is motivated from the study of purely bosonic PSM grav- 



ities: Proper linear combinations of the PSM constraints G % derived from Sbosonic (1-5) are 
known to become the ADM constraints Hm\ and Hm [44,45], which are related to lapse 
and shift in the ADM formulation [46] of gravity. Together with the Lorentz constraint G^ 
they form a linear (Virasoro-type) algebra. 

The strategy of our paper is to extend that algebra to its graded version derived from 
a gPSM. In contrast to the bosonic models, this superalgebra will turn out to be extremely 
complicated. It is neither linear nor does it represent a drastic simplification compared to 
the algebra of constraints G 1 . In particular it is not obvious to interpret the general result 
as a deformed Neuveu-Schwarz or Ramond algebra 6 . It rather reflects in a cumbersome 
way the large arbitrariness in the gPSM as derived by the fermionic extension from a PSM. 

Clearly the study of rigid supersymmetry in flat space in the gPSM framework is a 
necessary first step. It permits the identification of the proper fermionic constraints Ir±) 
from G a , to be used beside the bosonic ones (#(o), G^ above). On this basis three 

restrictions appear to be "natural". We propose for "genuine" deformed supergravities 
that 

(1) rigid supersymmetry appears, when the deformation by the dilaton field is removed 
in flat space. 

(2) the mathematical structure of Hm\, and of the new fermionic generators Ir±) in 
terms of the Hamiltonian constraints G (cf. eqs. ( |3.7| ) and ( |3.8[ ) below) is the same as 
in rigid supersymmetry. In particular we do not allow additional terms in the general 
form of the generators, whose prefactors vanish in the limit of rigid supersymmetry. 

(3) the (anti-commuting) Poisson brackets of the constraints Ir + \ with itself and L_\ 
with itself lead back to and and, at most, the Lorentz constraint G^ = G. 



Actually a more precise mathematical formulation will be given in Section |3.2| (requirement 
(2)) and Section [5] (requirement (3)) after the structure of the general algebra has been set 
out in detail. 

Condition (1) obviously must be fulfilled for any model involving supergravity. The 
same holds for the first part of (3), which we, though, at first weaken by allowing the 
appearance of the Lorentz constraint. As will be seen below, however, the conditions (1) 
and (2) imply that such a dependence does not occur. Requirement (2) implies that the 
simplest form of Hm\, H/^ and Ir±\ compatible with requirement (1) is used. 

The very gratifying consequence of (1) to (3), the central result of our paper, is that 
these requirements not only lead to a nontrivial result, but that the generic problems of 



6 In the following, for simplicity, we shall use the term "superconformal" algebra, in agreement the 
nomenclature used in string theory. 
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the most general supergravities from gPSMs [38, 40] disappear in the particular class of 
models selected by those requirements. Moreover that class precisely covers the physically 
interesting models whose bosonic content is given by ( |1.6| )-( |i~9| ). 

The paper is organized as follows: In Section |2] we present the algebra of Hamiltonian 
constraints for a generic gPSM and review the introduction of the ADM constraints for the 
pure bosonic case. Then the gPSM-formalism is applied to superalgebras containing rigid 
supersymmetry (Section |3|). The three restrictions, set out above, are tested in Section [| 
for the model of ref. [47] without bosonic torsion [Z = in ( |1.6[) ), which covers the model 
of refs. [32-36] and ref. [37] too (cf. Q and Q). 

Section |5| is devoted to the analysis of the consequences in the general case, the final 
form of the superalgebra and the only allowed class of "genuine" supergravity actions as 
derived from gPSMs are presented in Section ||. In the Conclusion (Sect. |?]) we summarize 
the results. The Appendix contains a summary of our notations. 



2. Covariant algebra in (graded) PSM 
2.1 (g)PSM Hamiltonian constraints 

The constraints G 1 for gPSMs are the result of a Hamiltonian analysis of the action (|1.1|). 
Canonical variables 7 and first class primary constraints are defined from the Lagrangian L 
in (O) (q 1 = doX 1 ) by 



X 1 



w =PI=Al1 



q^O, 
Pi = Aoi 

From the Hamiltonian density (<9i = d) 

H = q T pi — L = dqtpi - P IJ pjpi 
the graded canonical equations 



-VI 



— = (-DV , — 

dpi dq 1 
are consistent with the graded Poisson 8 bracket for functionals A and B 



{A,B'} 



A T 8 A SB' . . T(A+ ,,SASB\ . . 

(M) WW, - { - r> ' ' MW ] + ? " p) 



5 A SB' SA SB' 



"Sq'^Sp'! Sp'[Sq 
+ (q^ q,p^p) 



1^) + (_1)A(^ 



SA SB' SA SB' 



Sq" a Sp" a 



+ 



Sp" a Sq" 



(2.1) 
(2.2) 

(2.3) 
(2.4) 



(2.5) 



7 The somewhat unusual association of gauge fields as "momenta" and of target space coordinate fields 
as "coordinates" is appropriate when natural boundary conditions (SX 1 = at dM) are assumed. Also 
quantum ordering problems are eliminated in this way [48]. 

8 This is the standard Poisson bracket, not to be confused with the Schouten bracket, associated to the 
Poisson tensor P IJ in eqs. (1.2), (1.3). 
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where (q — > q,p — > p) indicates that the functional derivatives have to be performed for 
both types of variables, with and without bar. The primes indicate the dependence on 
primed world-sheet coordinates x, resp. x' , x" . The Hamiltonian density ( |2.3| ) 



H = G T pi (2.6) 
is expressed in terms of secondary constraints only: 

{q 1 , J dx 1 H} = G I = dq 1 + P IJ pj (2.7) 

The complete supersymmetric algebra of the gPSM after a straightforward but tedious 
calculation with the graded Poisson bracket (2.5) takes the simple form [d8{x' — x) = 
d^-x' 1 )) 

{ q I ,p' J } = (-lY6(x-x')S I J , 

{q I ,p'j} = (-l) I 6(x-x>)5 I j , (2-8) 

W,pj} = W,p'j} = o , 

{G 1 , G' J } = -G K d K P IJ 5(x - x') , (2.9) 
{G I ,p J J } = {G I ,<? J } = 0, 

{G*M = (-l) J 05(z - x'% + (-l) IJ djP IK p K 5(x - x') , (2.10) 
{G 1 ,q' J } = -P IJ 5{x-x') , 

which is seen to preserve the structure of the bosonic case [43]. Eq. ( |2.9D implies that the 
constraint algebra in general is a finite VF-algebra with structure functions fx IJ = dxP IJ ■ 
It simplifies to a Lie-algebra if the Poisson tensor is linear in the target-space coordinates, 
only. 



2.2 Conformal algebra for PSMs 

It is a remarkable result for non-supersymmetric models that such a VF-algebra in the 
absence of fermionic fields can be mapped onto the standard current-algebra of conformal 
symmetry ( Virasoro algebra) . In ref. [44] for two dimensional gravity with (the anholonomic 
index a is expressed in light-cone components, cf. Appendix) 

q i = (qtq a ) = (<P,X ++ ,X-) , (2.11) 
Pi = (p<t>,Pa) = (uJi,e 1 \ ++ ,e 1 ^^) , pi = (p<t„p a ) = (wo,e | ++ ,e |__) , (2.12) 

from an ADM analysis [46] a different form of the Hamiltonian density H = Nm\HrQ\ + 
Nf\\Hr\\ + B^G was obtained. Its constraints become Lorentz invariant linear combina- 
tions of the G i = G a ) = (G^, G ++ ,G ): 

H (0) = -G a e a b p b = G + +p ++ - G p — = G a Pa = G ++ P++ + G p — (2.13) 
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Here iJ( ) and Hq\ are related to the lapse Nm\ and shift N^, respectively. Because of 
( |2 . 8| ) - ( pTlQ ) they generate another algebra ("deformed ADM algebra") with the Lorentz 
constraint = G mixed in: 



{H {0) ,H{ 0) } = (H {1) +H[ 1) )dS(x-x') 

{H {0) ,H{ 1} } = (H {0) + H[ 0) )d6(x - x') + 2G{d^p— k ) PkP — 6(x - x') 
{H {1) ,H[ 1) } = (H {1) +H[ 1) )dd(x-x') 

{G,H' (o) } = {G,H> ) } = {G,G'} = 



(2.14) 
(2.15) 



By a modification of the ADM constraints [45] in terms of G = G^ and 



% = G% + G++p ++ - G- 
H {1) = G l Pi , 



P- 



(2.16) 



even a linear algebra emerges that closes entirely under derivatives of ^-functions and 
contains G as a semi-direct product: 



{-^(0) > H \ 

i H {0) > H i 
{H(i),H { 

{G,H 
{G,H 



0) } = (H (1) +H' (1) )dd(x-x') 

1) } = (H (0) +H' (0) )dd(x-x') 
l) } = (H {1) +H{ 1) )d6(x-x') 

0) } = G'd5(x-x') 
1} } = G'dS(x-x') 



(2.17) 



(2.18) 



{G, G'} = 



By defining the (anti-)holomorphic "currents" Hf±) = \{Hiq\ ± Hm), ( |2.17| ) transforms 
into the standard Virasoro algebra of string theory. Thus, although the original PSM was 
formulated in terms of a non-linear TV-algebra for the PSM constraints G l , by this simple 
redefinition the deformation from the dilaton field is hidden in the non-trivial, but still 
linear, action of the abelian Lorentz-constraint G. 



3. Algebras for generic gPSM gravity 



The method of redefining constraints as in (fEill) or ( [2T6D shall now be extended to the 



graded version of the PSM, including fermionic generators I(±^ besides the ADM constraints 
.ff(_l_) . An essential ingredient for a "genuine" supergravity is that it possesses rigid super- 
symmetry as a limiting case when the deformations are turned off and when the metric 
becomes the one describing flat Minkowski space. It is, therefore, imperative as a first step 
to study rigid supersymmetry in this formalism and then to consider deformations which 
agree with the basic principles set out in section |]. The choice of those requirements, of 
course, will be largely determined by the experience drawn from this particular case. 
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3.1 Rigid supersymmetry 



In the gPSM formulation rigid supersymmetry is produced by the specific choice of the 
Poisson tensor [38] 

pa* = X b eb a ; pa<t> = -l^f , (3.1) 

P af3 = UQ%X c if + c( 7 3 ) Q/3 , (3.2) 
p ab = , P a/3 = . (3.3) 

Here and in the following we restrict by the choice ( |3.2| ) to full N = (1, 1) supergravity ("full 
fermionic rank" of ref. [38]). Equations ( |3.l[) are uniquely determined by the requirement 
of Lorentz covariance (cf. ( |A.8[) ). The first term in (|3.2| ) is seen to produce the minimal 
contribution to the supertorsion, c is an arbitrary constant. Indeed, inserting (|3.1|)-(jO|) 
into (|2.£| ) yields 

{G a , G^} = -G b e b a , {G a , G*} = ^G^ 3 / , (3.4) 

{G a ,Gf} = -u iG a 1 f , (3.5) 
{G a ,G b } = 0, {G a ,G a } = 0. (3.6) 



Choosing the normalization uq = 2 this is the well-known supersymmetry algebra 9 with 
Lorentz transformations induced by the generator G^, translations G a and supersymmetry 
transformations generated by G a . 

Analogously to the non-super symmetric case we now derive the superconformal algebra 
by an appropriate choice of new constraints. The fermionic constraint must be the "square 
root" of the Hamiltonian constraints, proportional to G a = (G + ,G~) and, like Hm-\ and 
-ffn), remain invariant under local Lorentz transformations G a — * (e A G + , e -A G - ), p a — > 

(e~ 2X p ++ , e 2X p ). From these conditions it is easy to guess that oc G + ^/p ++ , Ir\ oc 

G~ yjp Indeed, in terms of the constraints of type ( |2.13| ) 

H (+) = G ++ P++ + G + P+ , H H = —G p — - G-p- , (3.7) 



supplemented by the fermionic constraints (uq = 2) 



'(+) 



V2V2 



'(-) 



±- 



G-^pl 



(3.8) 



■ff(±) and are found to generate the standard superconformal algebra, whereas the 



Notice our conventions for the 7 matrices in eqs. (A..6) and (A. 12) 
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Lorentz constraint decouples completely: 



{%■) 


H[ 


+)> 


= (H (+) +H{ +) )dS(x-x') 


{!!(-) 


H[ 


-)> 


= -{H { _ ) + H[_ ) )d5{x-x') 




H[ 


-)> 


= 


{% 


,I{ 


+ )> 


= -2H (+) 6(x - x') 


r t 

ih- 


' ( 


-)> 


= lri(_}d{x — X ) 


I T, 


j 1 

' ( 


-)> 


n 

— u 




H[ 


+ )> 


= {I {+) + \l{ +) )d5{x-x l ) 


{in 


H[ 


-)> 


= -{I { _ )+ l -l' { _ ) )d5{x-x') 


{in 


H[ 


+)> 


= {I {+) ,H[_ ) } = 


{ii( 


±)> 


G'} 


= {/ (±) ,G / } = 



(3.9) 



(3.10) 



(3.11) 



(3.12) 



From (U) we see that this algebra is of the type ( |2.13|) -( |2.15| ) rather than ( |2.16| )-( ^18| ). 

Requirements (1) and (2) are fulfilled trivially, requirement (3) even holds without the 
Lorentz constraint = G appearing on the right hand side of (|3.1C| ) . Replacing Ht±\ by 



the alternative choice ( 2.16 ) Hr + -\ = Hr + \ + G^p^ and Hr\ = Hr\ we arrive at 



{/(+),/;+)} = -2(%) - G%)S(x - x') , 
{7 H , l{_ ) } = 2H { _ ) 6(x-x') . 



(3.13) 
(3.14) 



Thus in contrast to ( |3.9|) -( |3~T2] ) the algebra of rigid supersymmetry involving Ht±) is no 
longer linear. 

3.2 Algebra for generic gPSMs 

We now extend the considerations of the last subsection to general supergravity models. 
Before evaluating the "dilaton deformed" algebra we have to define a suitable extension of 



(3.7) (or its counterpart Hua) and ( |3.8| ). Here the second requirement of the introduction 
is essential: H(±) should retain the structure as given in Q3.7| ), whereas for the the fermionic 



generators the form (3.8) implies 

7 (+) = iaC+VP+T , 



±aG-y/pZZ 



(3.15) 



Of course, for the most general form of Ir±\ the ansatz It±\ = ±aG ± ^/p±± + I/±) could 
be made, /(-u would be an arbitrary fermionic operator built from the variables in ( |2.8| )- 
( 2.10 ). The limit of rigid supersymmetry would dictate Ir±\ 0. Now requirement (2) 
simply states that Ir±\ = has been chosen. An analogous argument from requirement (2) 
precludes a further fermionic extension of H(±)- Requirement (1) suggests a = const, in 
J3.15 ), but we will have to check the consequences of a(cj), Y) as well later on. 
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With the definitions ( |3.7|) , resp. ( 3.15 ) the general super confer mal algebra, after a 
laborious but straightforward calculation, using ( |2.8| )-( |2?LC| ) becomes 



{H(+),H [ 



+) } = (H {+] +H{ +) )d5(x-x') , 
_ ) } = -(F ( _ ) + J ff ( '_ ) )^(x-x / ) , 
_)} = Gd^p— K p K P— + P- k pkP~)5(x - x) , 
+) } = -a\G + d ++ P +K p K + G K d K P+\ + p ++ )5{x - x 1 ) 
-a 2 {G-d—P~ K p K + G K d K p-\-p—)6(x - x') 



a A (G + d ++ p- K PK 



+ G-d—P +K p K 



+ G K d K P + -^ y /p-ZZ)8{ 



[x — X 



{I W ,H{ +) } = (/ (+) + -l[ +) )d6(x - x') 



{±-){Gd 4> P +K p K ^ - V+)5{x - x') 



{I { -),H' H } = -(/(_) + ~l' H )dd(x - x') 



+ (±-)(G^P~Vv^ + T>-)8[x ~ x') 



±^)(Gd^P +K PK ^pTT + V + )5{x - x') , 



{ J (+) >#(-)} 
{i? (±) ,G'} = {/ (±) ,G'} = 0, 
where P 1 * 1 in {i^^iT^x} are abbreviations for 



-G+d^ 

2 + 



p —k PkP— p+ k PkPa 



p 



-kPkP- 



- G K d K {P +l++ P++ - P +h ~p— + P +l+ p+ - P +h P-)^/p] 
+ - G d — + - G-d-)P +K p K jpT± , 

- p— K p K ^p-- 



G-d^ ( P ++kPk^± _ p ^k vk ^ + p+K PKP, 



Vp~- 



Vp~- 



P 



-k PkP- • 



(3.16) 



(3.17) 



(3.18) 



(3.19) 



(3.20) 



- G K d K (P^ ++ P++ - P' l ~'p— + P~\ + p+ - p-\-p-)y/pi 
+ - G d + G + d + - G-d-)P~ K p K jp—Z . 



(3.21) 



The components of the Poisson tensor P in (|3,16| )-( |3.19| ) are still completely general, 
except for those dictated by local Lorentz transformations (cf. eqs. (3J) and (|3,4|)). Com- 
paring with (p|)-(plD we note that the deformation of the algebra does not lead to 
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additional structure functions oc 85, which happens to be a consequence of our choice 
of requirement (2). Obviously in supergravity no simple redefinition of the constraints 
can lead to an algebra including structure constants only instead of structure functions. 
The main obstacle is the fact that any redefinition of the constraints fl(±), simplifying 
the purely bosonic part of the algebra, inevitably leads to new non-linear terms in the 
anti-commutator of two spinorial generators. 

So far o in equation ( |3.15 ) has been assumed to be constant. That this is in agree- 
ment with requirement (1) can be seen from the origin of that constant. In the general 
decomposition 10 of P a @ 

pa/3 = v a(3 + hf v f , (3.22) 



in the term proportional to j c in 



(3.23) 



requirement (1) at the gPSM level, comparing with the case of rigid supersymmetry fl3.2j), 
suggests to take u = u = (V^a 2 )^ 1 to be constant. Indeed a so far has been chosen in 
that way. 

One should, nevertheless, check the consequences of relaxing this restriction and al- 
lowing a in ( |3.15| ) to become a function of the dilaton field <f> and of Y = X a X a /2. We 
first treat a = a((f>). Then additional deformations emerge in certain commutators among 

CT)-(gl9D: 



-)} 
+ )> 
-)> 
+)} 
-)> 



{±)d <t> a{p-^^ZZI {+) - P+^VPTT/(-))5(^ - x') + 
-(±)^lna( J P++V+ + P++p+)l M 8(x -x') + ... 
(±)fy lna(p— V- + P~*p-)l(+)5{x -x') + ... 
-(±)fy lna(P++V+ + P + ^P+)l(-)5{x - x') + . . . 
(±)fy \na(P— V- + P^P-)l(-)S(x -x') + ... 



(3.24) 



The commutators {!(+), I'r+)} an d {-^(-)' ^(-) J" ^° no ^ experience any change. If a becomes 
a function of Y, {!(+), -^(+)} receives additional contributions 



{!(+),/(+)} = -aP +c d c aG + p ++ 5(x - x') . 



(3.25) 



The right hand side of (|3.25| ) cannot be made a contribution to the Hamiltonian ( |3.7|) as 
dictated for this anti-commutator by requirement (3). The only other possibility would be 
P +c = 0. But this restriction would lead back to the special case of rigid supersymmetry 11 . 
Thus u = u(Y) for any non-trivial algebra would always contradict requirement (3). If 



10 For full fermionic rank, i.e. detv a ^ 7^ only 7 C and 7 3 are allowed (cf. after eq. (A. 6)). The Majorana 
nature of x forbids terms 0{\ 3 )- 

11 A different Poisson tensor ("block diagonal supergravity") with P +c — had been presented in [38]. 
But in that case the most general P a/3 has the form P a/3 — u((/>, Y)(j :i ) al3 , precluding the interpretation of 
the fermionic e a as supersymmetry transformations. 
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u = u( 



Y) both deformations ( 3,24| ) and ( 3.25| ) add. Thus from now on only a dependence 



u = u((p) will be permitted, because an ^-dependence has been excluded. 

The absence of the Lorentz constraint G on the r.h.s of {!(+), -^(+)} an d {-^(-) > -^(_) } f° r 
general u = u{4>, Y) implies that the third requirement of section [I] can be tightened for 
the choice of H(±\ as in (|Q|): 

(3a) The constraints with itself and /(_) with itself anti-commute back into and 

Still the general structure of ( |3 . 1 6| ) - ( |372l] ) shows the possibility of singularities at p ++ = 

e X | ++ = and p = eu = (cf. eq. ( |2.2[ )). These singularities will turn out to disappear 

when the content of requirement (3) of the introduction (resp. (3a) above) is taken into 
account in full mathematical detail and not only qualitatively, as has been done so far. 

One could be tempted to pursue the complete procedure of this section by trying to 
simplify the algebra by the use of instead of H(±)- However, it can be seen easily that 
one would be forced to weaken the supersymmetry relation of the Hamiltonian constraints, 
being the "square" of the supersymmetry generators. It turns out that this does not remove 
the complicated structure of {I(±), H[±)}i m particular it does not remove the dependence 
of these commutators on the constraints G a and G a . 

It may be useful to summarize the results obtained so far: As a consequence of require- 
ments (1) and (2) the Hamiltonian constraints are (3.7), while the fermionic ones must be 



chosen as in fl3.15| ) , the latter being suggested by the special case of rigid supersymmetry. 
The dependence of the factor a = (v^u) -1 ^ 2 on Y is forbidden, but it still may depend on 
(j) at this point. Only an analytic implementation of requirement (3) in section ||| will show 
that, at the end of the day a constant a, resp. u = uq alone will be allowed. 



4. Dilaton prepotential algebra: a special example 

In order to check whether the three requirements are satisfied by some gPSM model with 
non-trivial gravity sector, we illustrate the above algebra by an important example, the 
dilaton prepotential algebra. This model originally had been studied in ref. [47] within a 
different approach, a derivation in terms of graded Poisson Sigma Models has been given 
in ref. [38]. As the bosonic potential is restricted here to be a function of the dilaton field 
(j> only, these models have vanishing bosonic torsion (Z = in (|1.6|)). For a Poisson tensor, 
which shares the first term in ( |4.3j ) with the one in rigid supersymmetry ( |3.2| ) , the solution 
of ( |1~2|) has been given in ref. [38], eqs. (5.34)-(5.36) (u' = du/d(j)) 

P ab = ^{-(u 2 y + ~x 2 u")e ab , (4.1) 

P ab = ^-(xi b T, (4-2) 
P aP = iu X c -ff + u^ aP , (4.3) 
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where uq = const, and u((f>) is a "prepotential" related to the bosonic potential V in (|1.6j ) 
as (cf. eq. (5.30) of ref. [38]) 

u 2 Q V + uu =0 . (4.4) 
In terms of Q and Q-(£D|) the gPSM action (JO|) 



Sdpp= [ {<PdLU + X a De a + x a DiP a + e(v-]-x 2 {V' + 4^ 



+ — (X7 a ea^) + ^ a (V>7aV0 - ~^73</0) (4.5) 

with the covariant derivatives (A. 8) includes the standard contribution to the supertorsion 
from the fermions only, as can be observed from the factor of X a . This class of models 
already covers the supersymmetrized version of several known two-dimensional gravity 
models 12 , in particular (|1.7|) and ( |1.8| ). Eliminating [38] algebraically the auxiliary fields 
X a and tjj in ( ^4.5[) one arrives at a superdilaton action of the form 



S DPP = Jd 2 x e(±R4> + (tfr) + V - ^ X 2 (V + 4^) 



iV 7/ \ 

- — e mn (xin^ m ) + -e mn {i>nl^m) • (4.6) 
u 2 J 

The Ricci scalar R = 2 * da) is expressed in terms of the dependent spin connection 

Cj a = e mn d n e ma - ie mn (^ n ^ m ) . (4.7) 

Its fermionic counterpart is 

a a = *{D^) a = e mn (d n tp ma + -u n {l*i>m)cc) . (4.8) 

V and u are still related by ( |4.4j ) . This new form of the action turns out to be a special case 
of the superdilaton action obtained from superspace as introduced by Park and Strominger 
[39], corresponding to </(<&) = <E> and K(<&) = in the notation of ref. [39]. The relation 
between the dilaton supergravity by Park and Strominger and this special case following 
from a gPSM has been observed in ref. [51], a more detailed discussion of this topic will 
be given in [52] . In addition this model can be related to the supergravity model of Howe 
quite generally [38,52]. 

Together with the relations ( |3.4j ) the constraint algebra ( |2.9[) for ( [4.1|) -( fl~3| ) becomes 

ab -I 

{G a ,G b } = -^(G^-(n 2 )" + - x V") + G a x^") , (4.9) 

{G a ,G b } = --^(GVWr + G /3 ( 7 V) , (4-10) 
{G a , G 13 } = -iii G a -ff - G<V 7 3a/3 . (4.11) 



12 The "topological" supergravity studied some time ago [49,50] also may be interpreted as a similar gPSM 
with vanishing prepotential. On the other hand, it contains further generators from a central extension of 
the algebra. 
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After a straightforward calculation the corresponding superconformal algebra is obtained 
in terms of Hr±\ and I(±), which according to requirement (2) are given by eqs. ( |3.7| ) and 



{H {+) ,H' (+) } = (H (+) +H[ +) )dS(x- 
{#(-),#(_)} = -(2f H + H' H )dS(x 

{H {+) ,H[_ ) } = G(± I ({ur + < 



y/2u 



u )P++P- 



(4.12) 



— (q p+p— + q + p-p++) - u'p + p^)5(x - x) 



+) } = -2# (+) <5(x-x') 
_)} = 2H { _ ) S(x - x') 



_ ±-^Gu' y/p^y/pZI8(x - X) 

Uq 



+) } = (I( +) + ~l{ +) )d5(x-x f ) 
_ ) } = -{I [ „ ) + \l{_ ) )d5{x-x>) 




(4.13) 



' r P++ + u'p + )y/p — S(x - x') 



(4.14) 



\} = ±^ ^z—G( g p + u'p_)y'p ++ 5(x — x')<5(x — a/) 



Evidently the deformation is restricted to the appearance of the Lorentz constraint G which 
only occurs in the "mixed" (anti-)commutators of {-/(+), ^(-)}> {^(-)>-^(+)} 

and {-^(+), -ff(_)}. Clearly the algebra obeys all the requirements set out in section [j]. 
Thus the identification of this model with others obtained from standard supergravity 
requirements [8-11,42] imply an important a posteriori confirmation of our requirements, 
as far as they have been taken into account already. However, our requirements will not 
only allow this special case. They will identify a more general class of gPSM derived 
theories with Z ^ in (|1.6| ), whose relation to models obtained from superspace has not 
been demonstrated so far in the literature. 

Writing down the algebra in terms of eqs. ( |2.16| ) does not provide any new insight 



into the structure of this theory. In contrast to the bosonic case ( 2.17 ) the undeformed 
superconformal algebra is found for constant u only, which corresponds to rigid supersym- 
metry. 

In view of the singularity problems of a generic gPSM [38] it is important to study the 
regularity of the algebra about which no assumptions have been made so far. An obvious 
constraint is uq ^ 0, which however is irrelevant from the physical point of view: For uq = 
supersymmetry transformations are no longer generated by G a and thus the meaning of 
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the model is lost. Furthermore in contrast to the general algebra ( 3,16|) -( |3.19| ), the dilaton 
prepotential supergravity is regular for p a = 0, which, in this particular case, is easily seen 
to be a trivial consequence of vanishing bosonic torsion: all potentially singular terms in 
eqs. ( 3.1 7| ) , ( [3-20 ) and ( 3.21 ) are multiplied by vanishing derivatives d c P aa and d c P + \~ . 



5. General deformed superconformal algebra 

We now show that the most general supergravity model described by a gPSM, obeying 
the restrictions of section |], must exhibit a similar structure as the dilaton prepotential 
algebra of section The only possible generalization will turn out to be closely related 
to the algebra (|4.12|) -( [4.14|) as well, because it may be produced by a special target space 
diffeomorphism from the latter. 

The requirements (1) and (2) are implemented already in ( |3.16| )- (|3.19 ). Starting 
from the most general gPSM algebra ( |3.16 )-( 3.1S| ) we now demand the anti-commutators 
I'r+\} and {!(-), ^y_)} to yield exactly the Hamiltonian H{±) (requirement (3a)). 

Comparison of the right hand side of the first two equations of ( |3,17j ) 13 with the desired 
expression for (cf. ( |3.7| )) translates into six necessary and sufficient conditions on the 
Poisson tensor: 







dx++ 

d 



(p+\-,p-\—,p-\- 



(5.1) 







As an example we consider the r.h.s. of the first equation of ( |3.17 ). Due to the restrictions 
that followed from the discussion in section |3.2| , the second term of that expression can 
contribute with an expression of the form G ++ p++ only, which is part of H(+)- The first 

term in the first eq. of ( 3.17| ), however, contributes G + p++, G + p and G + p-, which do 

not appear in H(+) • They are eliminated by the first three conditions in ( |5.1| ) . 

In the following we need the general explicit solution of the vanishing graded Nijen- 
huis tensor Ql.2j ) already obtained in ref. [38]. As we do not want to repeat the lengthy 
calculation leading to this result, we refer the reader for all notations and details of the 
calculation to this work, especially sections 3, 5.4 and 5.5. If the technical details of the 
detailed implementation of ( |5.ip are not interesting to the reader, he/she may jump to the 
final result as given in (|5Tl )-( p7|) together with ( ^TT|) below. Within the given approach 
this represents the most general Poisson tensor describing supergravity. 

The argument starts with the case u = uq = constant. Applying (5T) to the general 
decomposition for P a/3 of eqs. ( 3.22 ) and ( |3,23j ) restricts its terms as 



v afi = iu X c jf + u(<f>)f 



3 a/3 



v{4>)i 



3 a/3 



The bosonic part P ab is still general (cf. [38]) 



P 



ab 



(v(<f>,Y) + - X 2 v 2 {^Y)) . 



(5.2) 



(5.3) 



13 The comment immediately after eq. (p.24|) is important here 
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The first term in ( |5.3|) is the input from the bosonic theory ( |l,5|) , ( |l,6|) , the second is the 
only possible one in presence of the dilatino. As shown in ref. [38] the complete solution 
from the vanishing Nijenhuis tensor is parametrized by and a Lorentz vector field 

f a , which appears in the decomposition of the "mixed" component of the Poisson tensor 



P ab = X^V • (5-4) 



Together with other terms it creates a contribution to the decomposition (5^) of the form 

F C J = if(cf>)X c X b lb J + . . . , (5.5) 



with an invariant function /(</>). In ref. [38] in order to eliminate the term (5J5) the special 
choice f a = ^u'X a has been made. In that reference this was motivated by the desire to 
present a simple solution and, at the same time, to make contact with an earlier result of 



ref. [47]. In our present context a term like (|5,5|), producing in (5.4) contributions to P aa 
of type 

P+\++ ~ X ++ X ++ X ~ + , P +h ~ ~ X— X ++ X ~ + • • ■ (5.6) 



would be in obvious contradiction to ( |5.1| ). Thus the same choice of f a as in ref. [38] must 
be made. It should be noted that the remaining terms in F c </ yield = 0. 

Due to the restrictions from (5.1) found so far according to (|5.2| ) and (|5.5| ), v% in (^ 



and V2 in ( |5.3|) can be parametrized in terms of two remaining functions of the dilaton field: 
the bosonic potential v((p) and the prepotential u(4>). As this specific solution has been 
selected for a quite different reason already in ref. [38] (cf. above) we are allowed to take 
over the final result from there (eqs. (5.27)-(5.29) in [38]): 

F C J = ±(%v + W)* a (7a7 c 7 3 )/ + ^(uv + 2Yu') 1 f , (5.7) 

vf = ±(ulv + U u'h^, (5.8) 

v 2 = J^(u 2 v + uv!) + ^(uv + 2Yv!) + ^(uv' + ZYu'v + 2Yu") , (5.9) 

with 

A = 2Yu 2 - u 2 (5.10) 

being the determinant of v al3 . Derivatives with respect to the dilaton field are indicated 
by a prime, derivatives with respect to Y by a dot. 

So far the function u in the solution and the bosonic potential v were not related. 
This residual freedom can now be used to achieve the cancellation of the ^"-dependence 
as required by fl5.1| ) also for the components of the Poisson tensor still generated by (|5.7| ) 
and (5.8). Starting from (|5.8j), <9+-|-P + '~ = and noting that X a only appears in the 



K-dependence of v and A implies that the factor of 7 3 in ( |5.8| ) must be a function of (f> 
alone. Therefore, a potential linear in Y of ( |1.6| ) turns out to be the only allowed one! The 
ensuing relation 

(u 2 )' v 2 

"'^-U"^*' (5 ' n) 
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with the definition of A may be rewritten as 

"=-^ + 2^ A - < 5 - 12 > 

However, adopting (|5.12| ) for v is found to eliminate at the same time all singularities 
oc A -1 also in (5.7) and ( |5.9| ), The only remaining condition from fl5.1| ), <9++-P + '~~ = 0, 
is fulfilled automatically. 

The divergence problem of (5.7)-( |5~9| ) at A = had been discussed extensively in ref. 
[38]. Therein the cancellations of these divergences was introduced as an ad hoc assumption 
and the most general function v leading to that cancellation was found to be 

V = -L± + T(A^,Y) (5.13) 
2u 

with r ( A ^'' y ) regular at A = 0. Eq. ( |5.12j ), obtained here by a different route, is a special 
case of that. 

The fact that the new poles at A = vanish at the level of the Poisson tensor is 
another confirmation of the appropriateness of our conditions (1) to (3) of section [l] (resp. 
(3a) of section ||). However, at first sight singularities at p±± = seem to persist at the 
level of the algebra ( 3.1 6| ) - ( p . 1 9| ) . Inspecting the structure of the remaining deformations 
in the general algebra, it turns out that they disappear if besides ( |5.l[) in addition 

= 2d+P +h ~ , d++P ++h = 2d+P +h (5.14) 

holds, a condition which is indeed met in all models allowed by our requirements. To see 
this eq. (5.12) is used in ( |5.7| )-(5.9) to eliminate A. Then the the components ( 3.22| ), ( |5.3j ) 
and ( |5.4D of the Poisson tensor become 

i--(v + «-^(^ + ^)y. 

r* = j x-wyr - =^(x7<r , (5.i6) 

4 2u 

= *u X c 7^ + (u + fx V"" ■ (5-17) 

It can be checked that the factors in front of the expressions involving Z exactly guar- 
antee that the conditions ( 5.14| ) are satisfied. We conclude that our original conditions 
together with the symmetries of the Poisson tensor were also sufficient to ensure a regular 
superconformal algebra at p±± = 0. 

At the level of the models discussed so far (u = u$ = constant) we observe that the 
following three conditions are equivalent: 

(A) {I + ,I' + } and {J_,J^_} have no deformations, which agrees with requirement (3) of 
section |]. 

(B) All deformations with respect to a superconformal algebra depend on the Lorentz 
constraint only. 
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(C) The fermionic extensions of the Poisson tensor are regular at A = and the algebra 
is regular at p±± = 0. 

Condition (B) obviously implies condition (A), but it is a remarkable result that our original 
condition is actually sufficient. We have shown above that condition (A) implies condition 
(C). To see that the reverse is true as well it is important to notice that we have to cancel 
the /( t ) term in ( |5.5| ), although P+I++ now must be independent of X and not of X ++ . 

A final argument is required with respect to a dependence uq — ► u(0) in (|5.2|), which is 
still an open possibility. This type of algebra has been studied in ref. [38] as well. Choosing 
again the independent vector field f a to obtain a cancellation of (|5.5| ), ( |5.7|) in that case 
generalizes to (V = — vdy) 

F c = -i(Vln A)A a ( 7a7 c 7 3 ) + ^(Vln£)A c 7 3 + ^{y + 2Y(Vln^)) 7 c . (5.18) 

Here both u (note that the argument leading from ( |3.22| ) to ( |5.2j ) is still valid) and u (cf. 
( 3.25[ )) are still allowed to depend on the dilaton field only. But when d^u ^ the term 



oc 7 3 does not vanish and this leads to X c -dependent contributions to and P~\~ 

which contradict ( |5.1[ ). It should be noted that they are never able to cancel together with 
the other contributions to this part of the tensor, which we have set to zero by means 
of the independent vector field f a . Thus only u = uq = const, is allowed by (|5.l| ) and 



( 5.15 )-( 5.17 ) is indeed the most general model obeying condition (A), resp. (3a). 

Although (A) and (B) are still equivalent there exist some models with u = u(4>) that 
obey the condition (C) without fulfilling (A) and (B). An example of this type has been 
given in ref. [38], where (in section 5.7.1) a supersymmetric extension of spherically reduced 
gravity not fulfilling (A) and (B) can be found. 

A more general u{4>,Y) already has been excluded in section |3]2] (cf. (|3.25| )). It is 
remarkable that a non-constant u = u((f), Y) is not compatible too with the constraints 
( |5.1| ) on the Poisson tensor. Indeed u(Y) independent of the dilaton field is excluded as 
well, as v = is not a solution in this case. It remains the possibility of u((j), Y) with 



Vu = 0. To cancel all ^-dependent terms in F c which disagrees with ( |5.1| ) we would have 
to ch 
well. 



to choose v = —2Y-. But with that v one finds that u? cannot be independent of Y as 



Starting from a given bosonic potential (|1.6| ), the main restriction to the application 
of a "genuine" supergravity extension turns out to be ( |5.11| ). It is important to note that 
spherically reduced gravity ( |1.7|) fits into this structure as do the models ( |T"lj| ) and (jOj), 
but a model quadratic in torsion and curvature [53,54] for certain values of its parameters 
does not in general, or, at best, experiences restrictions on the range of its bosonic fields. 

As shown in ref. [38] the class of models determined by ( [5.12 ), resp. ( 5.1 1] ) can be 



obtained also by a conformal transformation of a dilaton prepotential model of section |4|, 
which may be interpreted as a special target space diffeomorphism of a gPSM. All this is 
a strong indication that among the gPSM models the ones with tensor ( |5.15| )- (|5.17 ) and 



the prepotential determined by the solution of ( |5.11 ) represent the most general "genuine" 



N = (1,1) supergravity in d = 2. The ensuing disappearance of the singularities in A and 
P±± i n our approach is a fortuitous but welcome "accident" . According to the solution of 
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a general gPSM in [38] not obeying our requirements, generic singularities at Y = may 
be expected as well. Also those are absent here. 



6. General deformed supergravity 

Having shown that the most general supergravity model is the supersymmetrization of a 
bosonic model with a potential V linear in Y (cf. (|l.6| ), but note the prepotential type 
restriction ( 5.1 If) on V!) its (deformed) superalgebra can now be given explicitly. We 



economize writing it down in full detail by the observation that it shares most of its 
structure with the one of the dilaton prepotential algebra fl4.12|) -(4.14): 



The commutators of the form {j4( + ), and {A/\,Br\} exactly reproduce the 

non-trivial part of the well-known superconformal algebra. All deformations are in 
the commutators of the form {Ar + \,Br\}. This property is not difficult to read 
off from ( 3.16 )-( |3~l"9| ): {I ( + ), } and {!(_), have been arranged such that 
they precisely yield H(+) and £?(-)• For {!(+), H't + \} and {!(-), H'r_\ } one simply 
observes that the conditions imposed on the Poisson tensor directly lead to the last 
two equations of ( p. 18 ) with the much simpler quantities 



(6.1) 

V- = -Gd lj) {p-\ ++ p ++ + P +| -p+)v^T . 

The deformation in the remaining commutators is a slight generalization of the dilaton 
prepotential algebra of section [| (a = (\/2^o) _1 ^ 2 ) : 

j — 1+, 

(6.2) 



{H + , H'_} = GO^P— + P- 1 v-v- 



+ P ' ++ p++P- + P +]{ p-i r p-)5{x — x) 

{/+, I'_ } = -a^P+l- v^Tv^T^x - x') (6.3) 

{ J+ ,H'_} = (±a)V + 5{x - x) (6.4) 

{I-,H' + } = (±a)V-5{x-x') (6.5) 

This similar structure, of course, is not just a coincidence but is contingent upon the fact 
that the models of section || and the most general one, obeying our requirements (1), (2) 
and (3) (resp. (3a)), are related by a simple conformal transformation (cf. ref. [38], section 
5.5). 

For completeness we present the action of the most general "genuine" supergravity 
model as obtained on the basis of the gPSM formalism. Inserting the corresponding Poisson 
tensor (|5Tl5|) - (|57T7D into eq. (PI) leads to 

S = ^ ^ + X«Oe a + ^ + e (v + YZ - + ^)) 

- ^X a (^) - \ {u + | X 2 ) (V-TS^)) (6-6) 
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Starting from a bosonic gravity theory constructed according to the principles outlined 
in section |l] and equipped with a potential as given in (|Q]), by our analysis this is its 
unique N = (1, 1) supergravity extension and it contains the minimal number of fields: 
The b osonic variables (w,e a ) and ((f>,X a ^) are supplemented by a gravitino ip a — ipam 

dx m 

and a dilatino x a , only. No auxiliary fields appear, nevertheless ( |6.6| ) has a (relatively) 
simple structure. 

7. Conclusions 

The underlying symmetries in the PSM-formulation produce a simple, albeit nonlinear 
algebra of Hamiltonian constraints which is difficult to analyze from the point of view 
of supersymmetry and supergravity. However, as noticed some time ago for 2d bosonic 
gravity theories [44] by a linear transformation of the constraints this algebra can be cast 
into the one appearing for the constraints in the ADM-analysis ("Virasoro type algebra"), 
supplemented by the Lorentz constraint in a simple manner, when the deformation by the 
dilaton field becomes relevant. In two dimensions such an algebra in the parlance of the 
string community is also called a "conformal algebra" . Here we have used this method for 
the graded case. 

A natural set of requirements for a "genuine" supergravity theory ("superconformal 
gravity") implies that rigid supersymmetry appears in some flat limit and that some ob- 
vious main features of the superconformal algebra should survive in the deformed one. 
Starting from the requirement (1) of section |l] (rigid supersymmetry in the flat limit), its 
implementation together with (2) determines the proper choice for the constraints 
and Ir±\ to be used in the dilaton supergravity algebra. While (1) and (2) do not yet 
lead to restrictions on the relation between the bosonic potential v and the prepotential 
it, requirement (3) of sect. |], resp. (3a) of sect. ||, ({/( + ), 7^} = — 2H^5(x — x 1 ), etc.) 
leads to the mathematical condition (|5.1[) . Its application drastically reduces the class of 
allowed Poisson tensors and exhibits very gratifying properties: 

• gPSM supergravity leads to a unique fermionic extension of all bosonic PSM theories 
of gravity, whose potential, however, is forced to be, at most, quadratic in torsion 
(cf. (|6.6|)). Moreover the bosonic potential must be derivable from a prepotential (cf. 

• The supergravity algebra of these general supergravities does not show the singular- 
ities and obstructions, which in the the generic case of gPSMs are present. 

• The most general supergravity action allowed by the requirements does not lead to 
any new singularities in the fermionic extension. 

The bosonic models which possess this unique supergravity extension are precisely 
the one which include spherically reduced gravity, the (bosonic) stringy Black Hole and 
other physically motivated theories. It should be emphasized that none of the final 'Tor- 
tious" results regarding uniqueness and the absence of singularities and obstructions were 
introduced in an ad-hoc manner. 



- 21 - 



The present argument has been applied to the N = (1, 1) supergravities of refs. [38,40]. 
Spherical reduction of iV = 1 supergravity in d = 4 is known to need Dirac Killing spinors. 
Therefore, a treatment of that case has to await the extension of the gPSM approach 
to N = (2, 2) which should be possible along the the same lines. It would be especially 
interesting to check also in that case the consequences of the three requirements imposed 
in our present work. 

Other promising directions of research seem to be the investigation of global proper- 
ties by means of a super pointparticle for the class of "physical" 2d supergravity theories 
determined here and the coupling of matter fields. The superparticle in supergravity so 
far has been formulated in the superfield formalism only. To this end the relation of gPSM 
supergravity to superspace supergravity should be clarified. So far, this has been done only 
partially [40,51,55], namely for models with Z = in ( |1.6| ), related to a non-dynamical 
dilaton field in the equivalent action ( |1.11 ). Recent calculations for non-vanishing bosonic 



torsion (Z ^ 0) indicate that there exists a close relation between precisely the gPSM su- 
pergravities found in this work and the dilaton supergravity formulated in superspace [52]. 
As the determination of general classical solutions and the quantization in the PSM for- 
mulation is a well-established field [7,48], this opens new perspectives for dilaton superfield 
supergravity [39], problems for which complete solutions involving the fermionic sector do 
not seem to exist in the literature. 
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A. Notations and conventions 



In this technical Appendix notations and conventions are summarized briefly. They are 
identical to those in ref. [38,40], where additional explanations can be found. 

A rather elaborate labelling of indices is used to distinguish different combinations of 
objects: 

I, J,K Capital Latin letters from the middle of the alphabet represent a generic index, 
which can include both, commuting and anti-commuting objects. Commutations of 
objects are defined in the standard way 

Jw 3 = (-l) IJ w J v I , (A.l) 

where the indices in the exponent take values (commuting object) or 1 (anti- 
commuting object). In the application to gPSM supergravity the generic index / 
itself splits into the classes 

/ = (i, a) = (4>, a, a) , (A. 2) 

which are explained below. 
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i,j,k Lower case Latin letters from the middle of the alphabet represent a generic com- 
muting object. 

4> The index <p is used to label the dilaton component of the gPSM fields: 

X* = 4> A 4 , = uj (A.3) 

a, b, c Lower case Latin letters from the beginning of the alphabet are used as bosonic 
anholonomic indices. At the level of gPSM supergravity they label the two bosonic 
one-forms representing the zweibein and the corresponding target-space variables, 
resp. 

at, /3, 7 Greek letters from the beginning of the alphabet are (anholonomic) anti-commuting 
indices. They label the spinor components of the gravitino and the dilatino. 

m, n, o To label the components of the world-sheet manifold lower case Latin letters from 
the middle of the alphabet are used. 

The summation convention is always NW — ► SE, especially for a fermion x- X 2 = 
X a Xa- Our conventions are arranged in such a way that almost every bosonic expression is 
transformed trivially to the graded case when using this summation convention and replac- 
ing commuting indices by general ones. This is possible together with exterior derivatives 
acting from the right, only. Thus the graded Leibniz rule is given by 

d(AB) = AdB + (-1) B (dA)B . (A.4) 

In terms of anholonomic indices the metric and the symplectic 2x2 tensor are defined 

as 

The metric in terms of holonomic indices is obtained by g mn = e^r/^ an d for the deter- 
minant the standard expression e = det e a m = \J — detg mn is used. The volume form reads 
e = \e ab e b A e a . 

The 7-matrices are used in a chiral representation: 

The matrices (j a ) a/3 = e aS ^ a ^ and (j 3 ) a/3 are symmetric in {a, f3} The most important 
relations among the 7-matrices are: 

yy = r, ab l + e a V 7 a 7 3 = 7 V (A.7) 

Covariant derivatives of anholonomic indices with respect to the geometry include the 
two-dimensional spin-connection When acting on lower indices the explicit 

expressions read (^7 3 is the generator of Lorentz transformations in spinor space): 

(De) a = de a - u;e a b e b {D^) a = d^j a + ^ 7 3 a % (A.8) 
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Finally light-cone components are introduced. As we work with spinors in a chiral 
representation we can use 



X a = (x + ,X-) , Xa= A+ . (A.9) 




For Majorana spinors upper and lower chiral components are related by \ + = X— > X = 
— x+- Vectors in light-cone coordinates are given by 

v++ = ^(v°+v 1 ), «- = ^(«°-i; 1 ). (A.IO) 

Correspondingly the derivatives with respect to these components are written compactly 
as 

d 

9k = -q^k = (d<p,d ++ ,d—,d + ,d-) . (A.ll) 



The additional factor i in ( A. 10) ) permits a direct identification of the light-cone components 



with the components of the spin-tensor v al3 = -^ v °lc ■ This implies that ??++|__ = 1 and 
e | ++ = — e ++ |__ = 1. The 7-matrices in light-cone coordinates become 

( 7 — )/ = -v2,i ; ;; i . <A.i2i 





To prevent confusion of indices in tensors we separate them by a vertical line where neces- 
sary (e.g. is the component a = ++, a = + of P aa ). 
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